Abstract. First, we establish the relation between the associated varieties of modules over Kac-Moody algebras g and those over affine W -algebras. Second, we prove the Feigin-Frenkel conjecture on the singular supports of G-integrable admissible representations for the degenerate cases in the sense of FrenkelKac-Wakimoto [FKW92] . In fact we show that the associated variates of Gintegrable degenerate admissible representations are irreducible Ad G-invariant subvarieties of the nullcone of g, by determining them explicitly. Third, we prove the C 2 -cofiniteness of a large number of simple W -algebras, including all the (non-principal) exceptional W -algebras recently discovered by KacWakimoto [KW08].
Introduction
This article addresses some basic problems concerning the representation theory of Kac-Moody algebras, that of (affine) W -algebras and the interrelation between them. It has three aims.
Let g be a complex simple Lie algebra, g the non-twisted Kac-Moody algebra associated with g. For a nilpotent element f of g and k ∈ C, both the W -algebra W k (g, f ) at level k and representations of W k (g, f ) are constructed by means of the BRST cohomology functor H ∞ 2 +0 f (?) associated with the generalized DrinfeldSokolov reduction [KRW03] .
The first aim of this article is to establish the relation between the associated varieties ( [Ara10] , see (7)) of modules over g and those over W k (g, f ). More precisely, we show that
for a finitely generated graded Harish-Chandra ( g, G[[t]])-module M of level k, where X M is the associated variety of M and S is the Slodowy slice (Theorem 4.5.2). From (1) we deduce that the
The second is to determine the associated varieties of (Kac-Wakimoto) admissible representations 2 [KW89] of g. Based on the above and the related results we determine the associated varieties of all the degenerate (in the sense of [FKW92] ) G-integrable irreducible admissible representations and show that they are Ad Ginvariant irreducible subvarieties of N , that is, closures of some nilpotent orbits in g. This in particular proves the Feigin-Frenkel conjecture (see Conjecture 1) on the singular supports of admissible representations for the degenerate cases The third is to apply the above results to the C 2 -cofiniteness problem of Walgebras. Recently, a remarkable family of W -algebras, called the exceptional Walgebras 5 , was discovered by Kac and Wakimoto [KW08] . They conjectured that exceptional W -algebras are rational and C 2 -cofinite. We prove the C 2 -cofiniteness of all the (non-principal) exceptional W -algebras (Theorem 5.8.2). More precisely we prove that, for each degenerate admissible number k, the simple quotient
is C 2 -cofinite (Theorem 5.7.2), and that each (nonprincipal) exceptional W -algebra is isomorphic to W k (g, f ) for some degenerate admissible number k and f ∈ O[k]. We note that there are also a considerable number of C 2 -cofinite W -algebras which are not exceptional, see Tables 2, 4 , 6, 8, 9, 10. At this moment we do not know whether these not-exceptional C 2 -cofinite W -algebras are non-rational.
Our strategy to prove (1) is based on Ginzburg's reproof [Gin09] of Premet's conjecture [Pre07, Conjecture 3.2] (proved by Losev [Los10] ) on finite W -algebras. A "chiralization" of the argument of [Gin09] proves the vanishing of the BRST cohomology of the associated graded spaces (Theorem 4.3.3). The difficult part is the proof of the convergency of the corresponding spectral sequence because our algebras are not Noetherian. We overcome this problem by using the right exactness of the functor H For a finitely generated object M of KL k , the associated variety X M is an Ad G-invariant, conic, Poisson subvariety of g * , while the variety X where L N q := {f ∈ N ; ht ∨ (f ) < 2q} ∪ {0}, ht ∨ (f ) is the coheight (43) of f , q = (the denominator of k)/r ∨ and r ∨ is the lacety of g. The irreducibility of L N q follows from the classification of nilpotent elements and their closure relations (Theorem 5.6.1).
An exceptional W -algebra is by definition the simple W -algebra W k (g, f ) at a principal admissible level 8 k such that (q, f ) is an exceptional pair [KW08] , where q is the denominator of k. The exceptional pairs were classified in [KW08, EKV09] . From the classification it follows that (q, f ) is an exceptional pair if and only of (i) Ad G.f = N q and (ii) f is of principal type (Theorem 5.8.1). This fact together the above explained results proves the C 2 -cofiniteness of the (non-principal) exceptional W -algebras.
Acknowledgments. I would like to thank Fyodor Malikov for explaining me the results of [FM97] . Results Notation. Throughout this paper the ground field is the complex number C and tensor products and dimensions are always meant to be as vector spaces over C if not otherwise stated.
Preliminaries
In §2.1, §2.2 we recall some definitions and results from [Ara10] . In §2.3 we recall some fundamental facts on Kac-Moody algebras. In §2.4 we recall some basic facts on affine vertex algebras and their associated graded vertex Poisson algebras. In §2.5 we define a category C of modules over the associated graded vertex Poisson algebras of affine vertex algebras.
Functions on jet schemes of affine Poisson varieties as vertex Poisson algebras.
For a scheme X of finite type, let X m the m-th jet scheme of X, X ∞ the infinite jet scheme of X (or the arc space of X). In the case that X is an affine scheme Spec R,
is a differential algebra generated by R. We denote by T the derivation of R ∞ , and we set a (−n) = T (n−1) (a)/(n − 1)! for a ∈ R ∞ , n ≥ 1. If R is a Poisson algebra, then R ∞ is equipped with the level 0 vertex Poisson algebra structure [Ara10, Proposition 2.3.1]. It is a unique vertex Poisson algebra structure on R ∞ such that
8 That is, L kΛ 0 is principal admissible.
Here a (n) with n ≥ 0 is the coefficient of z −n−1 in the field Y − (a, z) in the notation of [FBZ04, 16.2] . Throughout the paper by a R ∞ -module M we mean a module over the vertex Poisson algebra in the sense of [Li04] unless otherwise stated. In particular M is equipped with the action of a (n) with a ∈ R ∞ , n ≥ 0, such that
Let g be a simple Lie algebra as in Introduction, {x
as a vertex Poisson algebra with the level zero vertex Poisson algebra structure induced from the Kirillov-Kostant Poisson algebra structure on C[g * ]. Let G be the adjoint group of g. The m-the jet scheme G m of G is an algebraic group, which is isomorphic to a semi-direct product of G and a unipotent group. The infinite jet scheme
, which is isomorphic to a semi-direct product of G and a prounipotent group. We have Lie(
2.2. Singular supports and associated varieties of modules over vertex algebras. For a vertex algebra V , there is [Li05] a canonical decreasing filtration {F p V }, which we refer to as the Li filtration
9
. The associated graded space gr
, where C 2 (V ) is the linear span of the vectors a (−2) b with a, b ∈ V . In particular gr F V contains Zhu's Poisson algebra R V [Zhu96] as its subspace, where
In fact R V is a subring of gr F V and its Poisson algebra structure can be obtained [Li05] by restricting the vertex Poisson algebra structure of gr F V . Assume that V is finitely strongly generated, or equivalently, the ring R V finitely generated.
The spectrum Spec R V is called the associated variety of V and denoted by X V . The embedding
9 The Li filtration is defined independent of the grading of V . Hence it unifies the notion of the standard filtration and the Kazhdan filtration in our case (compare [Kos78, Lyn79, GG02] ).
Here the first equivalence follows from the fact that
where π ∞,0 : (X V ) ∞ → X V is the natural projection. Assume that V is Q ≥0 -graded by a Hamiltonian H, and let M = d∈C M d be a lower truncated graded V -module, where
where
is the linear span of the vectors a (−2) m with a ∈ V , m ∈ M . The gr F V -module structure of gr F M gives a R V -module structure on M/C 2 (M ). Assume that M is finitely strongly generated over V , that is, M/C 2 (M ) is finitely generated over R V . The associated variety of M is by definition
which is a Poisson subvariety of X V . Clearly,
The singular support of M is by definition
dim SS(M ) = 0 implies that dim X M = 0. The converse is also true if V is conformal.
The singular support SS(M ) may be computed by using any good filtration of M , that is, a compatible filtration {Γ p M } of M such that gr Γ M is finitely generated over gr F M . Throughout the paper {F p M } denotes the Li filtration and a general compatible filtration will be denoted by {Γ p M }.
2.3. Kac-Moody algebras and the category KL k . Let b be a Borel subalgebra of g, h ⊂ b the Cartan subalgebra, ∆ + the corresponding set of positive roots, ∆ = ∆ + ⊔ −∆ + . Let g α the root space of root α ∈ ∆, θ the highest root, θ s the highest short root, ρ = α∈∆+ α/2, ρ ∨ = α∈∆+ α ∨ /2, where α ∨ = 2α/(α|α). Let Π = {α 1 , . . . , α ℓ } ⊂ ∆ + be the set of simple roots of ∆, where ℓ is the rank of g.
Let P + = {λ ∈ h * ;λ(α ∨ ) ∈ Z ≥0 for α ∈ ∆ + }, the set of the integral dominant weights of g. Denote by E λ the irreducible finite-dimensional representation of g with highest weight λ ∈ P + .
Let g be the non-twisted affine Kac-Moody algebra associated with g:
whose commutation relations are given by
with x, y ∈ g and m, n ∈ Z, where x (m) = x⊗t m and ( | ) is a normalized invariant bilinear form on g. Set
gives the standard triangular decomposition of g. Denote by ∆ + the corresponding set of positive roots of g, by ∆ re + the set of positive real roots of g, Q + = α∈ ∆+ Z ≥0 α ⊂ h * . Let W be the subgroup of GL( h * ) generated by the reflection
For λ ∈ h * , let L λ be the irreducible highest weight representation of g with highest weight λ.
For k ∈ C, let KL k be as in Introduction. The category KL k is the full subcategory of the category of g-modules consisting of objects M satisfying
• M has level k, that is, K acts on M as the multiplication by k,
• there exists a finite subset {d 1 , .
The irreducible representation L λ is an object of KL k if and only if λ ∈ P + k , where
Here h * k := {λ ∈ h * ; λ(K) = k} and h * → h * , λ →λ, is the restriction map. For λ ∈ P + k , let V λ ∈ KL k be the Weyl module with highest weight λ:
where E λ is the g-module Eλ considered as a g[t] ⊕ CK ⊕ CD-module on which g[t]t acts trivially,
is finitely generated and any finitely generated object of KL k is a quotient of some object of KL ∆ k .
2.4. Universal affine vertex algebras and their associated graded vertex Poisson algebras. For k ∈ C, the Weyl module V kΛ0 is equipped with a unique vertex algebra structure such that 1 = 1⊗1 is the vacuum,
The vertex algebra V kΛ0 is called universal affine vertex algebra associated with g and denoted by V k (g). The vertex algebra V k (g) is graded by the Hamiltonian
We denote by V k (g) be the unique simple graded quotient of
can be identified with the full subcategory of the category of g-modules consisting of g-modules M of level k such that x(z) is a field on M for any x ∈ g. In particular KL k may be thought as a full subcategory of
as Poisson algebras and vertex Poisson algebras, respectively (see e.g., [Ara10, Proposition 2.7.1]). In particular
Because the action of H on V k (g) stabilizes the Li filtration, the vertex Poisson
2.5. The category C. Let C be the full subcategory of the category of graded modules over the vertex Poisson algebra
⊗E for a finite-dimensional representation E of g and d ∈ C, whose graded C[g * ∞ ]-module structure is given by
Lemma 2.5.1. Let M be an object of C. Then there exists a filtration
for some finite dimensional simple g-module E i and d i ∈ C and (3) d i < d j for i < j. Moreover if M is finitely generated then there exists a finite filtration 0 = M 0 ⊂ M 1 ⊂ · · · ⊂ M r = M with this property.
Jet schemes of Slodowy slices and their modules
In this section we collect some fundamental facts about jet schemes of Slodowy slices and prove two (co)homology vanishing assertions Propositions 3.6.1, 3.7.1.
3.1. Jet schemes of Slodowy slices. Let f be a nilpotent element of g. By the Jacobson-Morozov theorem, f can be embedded into an sl 2 -subalgebra s = span C {e, h, f }, so that
We assume that (e|f ) = 1. The form ( | ) gives an isomorphism
Let N ⊂ g * be the image of the set of nilpotent elements of g, and let S ⊂ g * be the image of f + g e , where g e is the centralizer of e in g. The affine space S is transversal at χ to Ad G.χ, and is often called the Slodowy slice.
We have 
Good gradings. Let
Let x 0 be the element in g 0 which defines the grading, i.e.,
Good gradings were classified in [EK05] . The grading defined by x 0 = h/2 is obviously good and is called the Dynkin grading.
We assume that the grading (11) is compatible with the triangular decomposition of g, that is,
Then m ⊂ n, and they are both nilpotent subalgebras of g.
Denote by N the unipotent subgroup of G with Lie(N ) = n. It is known from [Kos78, GG02] the coadjoint action map gives the isomorphism of affine varieties
where m ⊥ ⊂ g * is the annihilator of m. Since (X ×Y ) m ∼ = X m ×Y m , we immediately get the following assertion.
Proposition 3.3.1. The coadjoint action maps give the following isomorphisms:
For a Lie algebra a and a-module M , we write H
• (a, M )) for the Lie algebra a-cohomology (respectively a-homology) with the coefficient in a a-module M .
. This defines a new 
The operator H new gives a new grading on M ∈ C as well.
As easily seen H new stabilizes I ∞ and I ∞ . Therefore it acts on
It gives non-negative gradings
where Proposition 3.5.1. Let M be a finitely generated object of C. Then, for any
By Lemma 2.5.1, it suffice to prove the assertion in the case that M is a quotient of M (E, d) for some finite-dimensional simple g-module E and d ∈ C.
Let U be the image of 
so that
denote the homology of the Koszul complex associated with M and the sequence t 1 , t 2 , . . . . By definition
Proposition 3.6.1. We have 
Proof of Proposition 3.6.1. We may assume that M is finitely generated as the homology functor commutates with the inductive limits. SetM = M/M tor . By Lemma 3.6.2 it suffices to show that
Clearly, we may assume thatM = 0. It is enough to show that {t 1 , t 2 , . . . } is a regular sequence onM , that is, t r is not a zero divisor ofM Proof. We show that the multiplication map
is an isomorphism of n[t]-modules. This proves the assertion because
(by Proposition 3.3.1)
To prove ϕ is an isomorphism we have only to show that (ker ϕ) (ker ϕ)
. This gives that (ker ϕ)
by the vanishing of H 1 in (20). This gives that (coker ϕ) n[t] = 0, completing the proof.
By Propositions 3.6.1 and 3.7.1 the assignment M → (M/I ∞ M ) n[t] yields an exact functor from C to the category of C[S ∞ ]-modules.
Proposition 3.7.2. Let M be a finitely generated object of C.
is finitely generated over C[S ∞ ] as a ring.
Proof. By Lemma 2.5.1 and the exactness of the functor it suffice to prove the assertion for M = M (E, d) with some finite-dimensional simple g-module E and d ∈ C. But in this case the assertion is obvious because
Associated varieties of module over affine vertex algebras and affine W -algebras
In this section we establish the relation between the associated varieties of modules over g and those over W k (g, f ) by proving Theorems 4.4.5, 4.4.6, 4.5.2 and 4.6.2. As an application in §4.7 we give a proof of the characterization of integrable representations of g in terms of vertex algebra theory. In §4.9 we comment on the critical level case, which is of another interest.
4.1. The BRST complex of the generalized quantized Drinfeld-Sokolov reduction.
) be the BRST complex of the generalized quantized Drinfeld-Sokolov reduction associated with (g, f, x 0 ). We have
where F χ is the vertex algebra of neutral free superfermions,
is the vertex algebra of the semi-infinite forms associated with n[t, t −1 ], and Q (0) is a zero mode of a certain odd element Q ∈ C 1 (M ) satisfying Q(z)Q(w) ∼ 0. We set
Being a tensor product of vertex (super)algebras, C(V k (g)) is a vertex (super)algebra. It follows that W k (g, f ) inherits the vertex algebra structure from
By abuse of notation we set
and we have the decomposition
We denote by W k (g, f ) the unique simple graded quotient of W k (g, f ).
Remark 4.1.1. The character of all highest weight representations of W k (g, f ) was determined for a principal nilpotent element f pri in [Ara07] . It was determined for a minimal nilpotent element f min in [Ara05] provided that k = −h ∨ . For g = sl ℓ+1 , one can choose a good even grading for any nilpotent element f , so that W k (sl ℓ+1 , f ) is Z ≥0 -graded. In this case the character of all ordinary representations of W k (sl ℓ+1 , f ) was determined in [Ara08] provided that k = −h ∨ .
The right exactness of the functor H
Proof. By Theorem 4.2.2, the assertion can be proven in the similar manner as [AM09, Theorem 3.4].
Corollary 4.2.3. Let M be a finitely generated object of 
(
as Poisson superalgebras, where the Poisson superalgebra structure on the right-hand-side is given by
Here ψ x (respectively ψ f ) denotes the element of 1 (n) (respectively 1 (n * )) corresponding to x ∈ n (respectively to f ∈ n * ).
as vertex Poisson superalgebras, where the vertex Poisson superalgebra structure of the right-hand-side is the level 0 vertex Poisson superalgebra induced from the Poisson superalgebra structure of
More generally, for a compatible filtration
defines a compatible filtration of C(V k (g))-module C(M ). We have:
) is a cochain complex. It follows that the zeroth cohomology H 0 (gr
is a vertex Poisson algebra, and H
• (gr Γ C(M )) is a module over the vertex Poisson algebra H 0 (gr
From the explicit form [KRW03] of Q, we see that the operator Q (0) decomposes as
Consider the spectral sequence E r ⇒ H • (C) whose zeroth differential isQ − and first differential isQ + . This is a converging spectral sequence because the complexC is a direct sum of subcomplexes 
Next let us compute the E 2 -term. We find from the explicit form ofQ − and (23) that the complex (H 0 (C,Q − ),Q + ) is identical to the the Chevalley complex for computing Lie algebra cohomology H 
Therefore the spectral sequence collapse at E 2 = E ∞ , proving the assertion (ii)
and Γ = F , we obtain the cohomology vanishing assertion of (i) and an isomorphism
The triviality of the filtration associated with the spectral sequence considered above implies that Φ is an isomorphism of differential algebras. It remains to show that Φ is an isomorphism of vertex Poisson algebras.
Consider the subcomplex
We have
as Poisson algebras. It follows from the explicit form of Q (0) that the assignment 
of Poisson algebras. Since C[S ∞ ] is generated by its subring
as a differential algebra. By the property of the Li filtration we have
. This means that the vertex Poisson algebra structure of H 0 (gr
. But we have shown in [Ara10, Proposition 2.3.1] that this uniquely determines the whole vertex Poison algebra structure. This completes the proof.
Consider the decomposition H(gr
Proof. (i) By Theorems 4.2.1, 4.3.3 and the Euler-Poincaré principle it follows that dim H 0 (gr
Hence the assertion follows from Theorem 4.2.1 (ii). (ii) Because M is finitely generated, there is a surjection φ : P → M with some P ∈ KL ∆ k . Let Γ p P = φ −1 (Γ p M ). Then {Γ p P } gives a compatible filtration of P . By Theorem 4.3.3, the surjection gr Γ P ։ gr Γ M gives rise to a surjection H 0 (gr
. Therefore (ii) follows from (i). 
4.4.
} is a regular filtration of the complex C/Γ p C, and we have the corresponding converging spectral sequence. Because the complex gr Γ (C/Γ p C) is a direct summand of gr Γ C, Theorem 4.3.3 gives that H i (gr Γ (C/Γ p C)) = 0 for i = 0. Therefore the spectral sequence collapses at E 1 = E ∞ , and we get that
The assertion (ii) follows from (27).
Proof. We have the injection (ii) For any compatible filtration
Proof. Put C = C(M ). The direction (iii) ⇒ (iv) is obvious. The condition (iv) means that the filtration {Γ p C(M ) d } is regular. Therefore, the associated spectral
(M ). By Theorem 4.3.3 this collapses at E 1 = E ∞ , and hence (iv) implies (i). Next let us show that (i) implies (ii). By Proposition 4.4.2, Γ
By Propositions 4.3.4, 4.4.1,
On the other hand, from the assumption, Theorem 4.3.3 and the Euler-Poincaré principle it follows that dim H
Hence the two maps in (29) must be isomorphisms for p ≫ 0, proving (ii). Finally, let us show (ii) implies (iii). By the assumption and the injectivity of (28), H
for p ≫ 0. Therefore, Proposition 4.4.1 gives that H By considering the long exact sequence corresponding to the exact sequence 0 → Γ p C → C → C/Γ p C → 0, we get that
But from the cohomology vanishing we know that the maps in (29) are isomorphisms for p ≫ 0. Thus the middle map of the above exact sequence is an isomorphism. This show that 
To prove H 1 (Γ p C(M )) = 0, let us first assume that M is finitely generated, so that there is an exact sequence 
Because the cohomology functor commutes with the injective limits we get that
(ii) First, assume that M is finitely generated, so that (31) exists. By (i), we get the surjection
by considering the long exact sequence associated with the short exact sequence 0
by Theorem 4.2.1 and Proposition 4.4.3, we get that
Note that we then have
Next let M be arbitrary. By Proposition 4.4.1 and (i) the long exact sequence associated with (30) gives the exact sequence
Therefore, by Proposition 4.4.1, it is sufficient to show that
Consider the increasing series 0 = M 0 ⊂ M 1 ⊂ . . . of finitely generated submodules of M such that M = i M i as above, and let Γ p M i be the induced filtration. By Theorem 4.3.3 H 0 (gr In particular the functor
Proof. By Proposition 4.4.4 it remains to show that H ∞ 2 +i f (M ) = 0 for all i ≤ −1. We proceed by induction on i. Because the cohomology functor commutes with the injective limits we may assume that M is finitely generated. Thus, there is P ∈ KL ∆ k and an exact sequence 0 → N → P → M → 0 (34) in KL k . Let {Γ p P } be a compatible filtration of P , and let {Γ p M } and {Γ p N } be induced filtration. We have the short exact sequence 0 → gr
We have the commutative diagram
where 
(ii) Let M be a finitely generated object of KL k , {Γ p M } be a compatible filtration of M . Then
as modules over the vertex Poisson algebras C[S ∞ ].
Proof. Let M ∈ KL k , {Γ p M } be a compatible filtration. Proposition 4.4.3 and Theorem 4.4.5 immediately give the isomorphism
for i = 0, 0 for i = 0 (35) as linear spaces. It remains to show (i).
Let , f ) ). Then we have Choose vectors
is strongly generated by {a i }. It follows from [Ara10, Proposition 2.6.1] and [Li04, Theorem 4.14] that
Hence there is a homomorphism
of vertex Poisson algebras.
Because gr
is generated by the images of a i 's as a differential algebra ([Li05, Lemma 4]), it follows that (37) is surjective. But since dim gr
, the map (37) must be a bijection.
Corollary 4.4.7 ([DSK06]). We have R
Corollary 4.4.8. The vertex algebra H
is C 2 -cofinite if and only if it is C 2 -cofinite as a module over W k (g, f ). In this case the simple W -algebra W k (g, f ) is also C 2 -cofinite.
Proof. The first assertion follows from the fact that H Proposition 4.5.1. Let M be a finitely generated object of
Proof. The assertion follows from Proposition 3.7.2 and Theorem 4.4.6.
We identify gr
, respectively, through Theorem 4.4.6 and Corollary 4.4.7. Thus, for a finitely generated object
Poisson subvariety of S.
Theorem 4.5.2. Let M be a finitely generated object of KL k .
is isomorphic to the scheme theoretic intersection X M ∩ S. Theorem 4.6.2. Let M be a finitely generated object of KL k . Then the following conditions are equivalent.
Then by Proposition 4.6.1 X M is contained in N . Thus the irreducible components of X M are the closures of some nilpotent coadjoint orbits, say, O 1 , . . . , O r . But the transversality of S with any Ad G-orbit implies that
Hence, (i) implies (ii). The direction (ii) ⇒ (i) follows also from (39).
4.7. The minimal nilpotent element case. Let f min be a minimal nilpotent element of g, χ min = ν(f min ), O min = Ad G.χ min . Then O min ⊂ N is the unique nonzero nilpotent orbit of minimal dimension (see [CM93] ).
The following assertion is a special case of [Ara05, Main Theorem].
Theorem 4.7.1.
fmin (L λ ) is non-zero if and only L λ is not an integrable representation of g.
From Proposition 4.5.3 and Theorem 4.7.1 we immediately get the following assertion.
Proposition 4.7.3 (cf. [DM06] ). For λ ∈ h * k , L λ is an integrable representation if and only if it is C 2 -cofinite as a module over V k (g).
Proof. The assertion for the "if" part is well-known (see e.g. [Ara10] for a proof). Let us show the "only if" part. Suppose that L λ is C 2 -cofinite. Then L λ is in particular finitely strongly generated. But L λ is finitely strongly generated if and
4.8. The principal nilpotent element case. Let f pri be a principal nilpotent element, χ pri = ν(f pri ), so that N = Ad G.χ pri . The following is an immediate consequence of Proposition 4.5.3 and Theorem 4.6.2.
Proposition 4.8.1. Let M be a finitely generated object of KL k . 
in the same manner as (19).
On the other hand, by a theorem of Frenkel and Gaitsgory [FG04] , the maximal graded submodule of
as vertex Poisson algebras.
Theorem 4.9.1. We have gr
Proof. The assertion follows from Theorem 4.4.6, (40) and (41).
Remark 4.9.2. From Theorem 4.9.1, it follows that H
if and only if f is a principal nilpotent element, and that
Associated varieties of Kac-Wakimoto admissible representations
and C 2 -cofiniteness of W -algebras
In this section we first prove the Feign-Frenkel conjecture for the degenerate cases and determine the associated varieties of G-integrable degenerate admissible representations (Theorems 5.5.1, 5.6.1). Second we prove the C 2 -cofiniteness of a large number of W -algebras including all the (non-principal) exceptional Walgebras (Theorems 5.7.2, 5.8.2). In §5.9 we comment on the trivial representations of principal W -algebras. In this section g * is often identified with g.
Kac-Wakimoto admissible representations.
+ is a set of positive root and
For λ ∈ h * , let ∆(λ) be the associated integral root system defined by
Then ∆(λ) is a subroot system of ∆ re . Let ∆(λ) + and Π(λ) be the sets of positive roots and simple roots of ∆(λ) defined as above. The subgroup W (λ) = s α ; α ∈ ∆(λ) of W is called the integral Weyl group of λ. Table 1 .
where ℓ λ : W (λ) → Z ≥0 is the length function.
G-integrable admissible representations and the Feigin-Frenkel conjecture.
A complex number k is called admissible if kΛ 0 is admissible. Set
The following assertion is easy to see.
Lemma 5.2.1. The set Adm k + is non-empty if and only if k is admissible. The admissible numbers of g are classified in [KW08] . Set
Here h g is the Coxeter number of g.
Proposition 5.2.2 ([KW89, KW08]). (i) A complex number k is admissible if and only
with q ∈ N. Then, for λ ∈ Adm k + , we have ∆(λ) = ∆(kΛ 0 ) = {α + r ∨ nqδ; α ∈ ∆ long , n ∈ Z} ⊔ {α + nδ; α ∈ ∆ short , n ∈ Z}, Π(λ) = {−θ s + qδ, α 1 , . . . , α ℓ }. Here ∆ long and ∆ short are the sets of long roots and short roots of g, respectively.
Remark 5.2.3.
2ℓ−1 , D
4 and E
6 , respectively. Conjecture 1 (Feigin and Frenkel) .
For g = sl 2 , Conjecture 1 is a theorem of Feigin and Malikov.
Theorem 5.2.4 (Feigin and Malikov [FM97] ). Conjecture 1 holds for g = sl 2 .
Proof. 5.3. Height and coheight of nilpotent elements. In this subsection we assume that the grading (11) is Dynkin, so that x 0 = h/2. The largest integer j such that g j/2 = 0 is called the height [Pan99] of the nilpotent element f and denoted by ht(f ). Because g θ ⊂ g ht(f )/2 , it follows that ht(f ) = 2θ(x 0 ).
If g be a classical Lie algebra then the nilpotent orbits are parameterized by certain partitions of N , where N = ℓ + 1 (respectively 2ℓ + 1, 2ℓ, 2ℓ) when g is of type A ℓ (respectively B ℓ , C ℓ , D ℓ ). If X = A (respectively B, C, D), let P X (N ) be the set of partitions of N parameterizing the set of nilpotent orbits for A ℓ (respectively B ℓ , C ℓ , D ℓ ). A precise description of P X (N ) [CM93, Theorems 5.1.2-5.1.4] is given as follows.
• P A (N ): all partition of N .
• P B (N ): partitions of N such that even parts occur with even multiplicity.
• P C (N ): partitions of N such that odd parts occur with even multiplicity.
• Proposition 5.3.1. Let f be a nilpotent element corresponding to a partition
In this subsection we continue to assume that (11) is Dynkin. Set
It follows that ∆ f (λ) is a finite subroot system of ∆ re containing ∆ 0 . Let W f (λ) =
(ii) Suppose that ∆ f (λ) = ∆ 0 . Then
(1 + ze −α+nδ ) α∈∆ >0 n≥q
where ∆ >0 = i>0 ∆ i , see [KRW03, Ara05] .
∨ . By Theorem 4.4.6 (iv), the Euler-Poincaré principle, (42) and (44), we have
is the length function, we get that
This gives the desired results. (ii) We may assume that g is not simply laced. Let g = so 2ℓ+1 . We assume that the simple roots of g are labeled as in [CM93] , so that θ s = α 1 + · · · + α ℓ and the positive short roots are of the form α i + α i+1 · · · + α ℓ with 1 ≤ i ≤ ℓ. Suppose that there is no simple positive root α such that α(x 0 ) = q. Then the condition θ s (x 0 ) ≥ q implies that there exists i such that (α i + · · · + α ℓ )(x 0 ) = q + 1/2 and α i (x 0 ) = 1. Then β = α i + 2(α i+1 + . . . α ℓ ) is a long root satisfying β(x 0 ) = 2q.
Let g = sp 2ℓ . We show that the condition (a) holds. Let (d 1 , . . . , d n ) ∈ P C (N ) be the partition corresponding to f . First, suppose that
The formula for the weighted Dynkin diagram implies that the numbers (h i − h j )/2 and (h i + h j )/2 with i < j appear as the values of some positive short roots at x 0 . Because (h 1 + h 2 )/2 = d 1 − 2, the assertion (a) holds. Next, suppose that (
Conversely, suppose that ht(f ) < 2q. Then α, D + x 0 ≥ 0 for any α ∈ ∆(λ) ∩ ∆ + , and the equality holds if and only if α ∈ ∆ 0 . Let W 0 be a set of representative of the coset W 0 \ W (λ). It follows that we have y • λ, D + x 0 ≤ λ, D + x 0 for y ∈ W 0 and the equality holds if and only of y ∈ W 0 . Therefore, by Proposition
(ii) can be proven in the similar way as in (i).
5.5. Associated varieties of G-integrable degenerate admissible representations and the C 2 -cofiniteness of W -algebras. For q ∈ N, set
Note that
by the sl 2 -representation theory. Because
we have
An admissible number k is called non-degenerate if
and otherwise called degenerate. An admissible representation L λ ∈ KL k is called
Theorem 5.5.1. Let k be an admissible number, λ ∈ Adm
We have X L λ N if and only if k is degenerate. In this case we have Proof.
(ii) Let X = B ℓ or C ℓ , and let g be a Lie algebra of type X, d ∈ P X (N In Tables 4-10 for exceptional type Lie algebras we give the explicit formulas of c(k + h ∨ ) of W k (g, f ) with an admissible number k and f ∈ O[k] (with respect to the Dynkin grading).
5.8. The C 2 -cofiniteness of exceptional W -algebras. Recall [KW08, EKV09] that a pair (q, f ) of a positive integer q and a nilpotent element f of g is called exceptional if the following conditions are satisfied.
• q is equal to or greater than the maximum of the Coxeter numbers of the simple factors of the minimal Levi subalgebra containing f , • dim g f = dim g σq , where σ q is the automorphism of g such that σ q (x α ) = ǫ ht(α) q x α for a root vector x α , where ǫ q is the primitive q-th root of unity. Exceptional pairs are classified in [KW08] for g = sl n and in [EKV09] for a general g.
Theorem 5.8.1. The following are equivalent:
(i) (q, f ) is an exceptional pair.
(ii) f ∈ O q and f is of principal type (or of standard Levi type).
Proof. The assertion follows from the classification [EKV09] of exceptional pairs and that of O q .
In Tables 2, 4 , 6, 8, 9 and 10, we indicate whether the pair of q and the nilpotent is exceptional or not.
The simple W -algebra W k (g, f ) are called exceptional if k ∈ A[q] with (q, r ∨ ) = 1 and (q, f ) is an exceptional pair. An exceptional W -algebra W k (g, f ) is called nonprincipal if f is not a principal nilpotent element.
By Theorems 5.7.2, 5.8.1 we obtain the following assertion.
Theorem 5.8.2. All the non-principal exceptional W -algebras are C 2 -cofinite.
5.9. Trivial representations of W k (g, f prin ). The following assertion proves Conjecture 1 for a particular case of non-degenerate admissible representations.
Theorem 5.9.1.
In particular X V k (g) = N and SS(V k (g)) = N ∞ .
Proof. Letṡ 
